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Mechanic of materials is one of the most important disciplines studied by 
students in a higher technical educational university. 
Using the laws of theoretical mechanics and the corresponding mathematical 
apparatus, the mechanic of materials considers the problems of strength, stiffness and 
durability of machines and structures. 
These guidelines should be used in independent work of students at training for 
practical classes and making of calculation and solving graphic problem. They 
contain theoretical materials and source data for the problem. Output data are taken 
on the instruction of the teacher. 
Before proceeding to the problem, you should introduce yourself with the 
theoretical material outlined in these guidelines and the list literature. 
 
 
1 FORMATION OF CALCULATION AND GRAPHICAL WORK 
1. Work is executed on sheets of standard A4 format. 
2. The cover is made of dense paper for drawing. On the title page there should 
be the name and number of the calculation and graphic problem, name of the 
discipline, last name, first name of the student, his variant, the name of the 
faculty, the group, the surname and initials of the teacher. 
3. The solution of each problem should begin with the indication of its number, 
names, writing down complete problem task, numerical output data and draw 
calculation scheme. 
4. The solution to the problem should be accompanied by short explanations, 
drawings and sketches. 
5. Drawings and graphs are executed necessarily on a certain scale. In the 
drawings one must indicate the letter designation and numerical values of all 
values used in the calculations. 
6. When solving the problem, you must first obtain the result in algebraic form, 
and then substitute the corresponding numerical values. The results obtained 
in numerical form should be indicated and units of measurement must be 
specified. 
 
2 BASIC INFORMATION OF THE TEORY 
Cantilevered beam is fixed at one end and free at the other. The shear and 
moment diagrams provide detailed information about the variation of the shear and 
moment along the beam’s axis. 
Beam Sign Convention 
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The positive directions are as follows: the distributed load acts upward on the 
beam, the internal shear force causes a clockwise rotation of the beam segment on 
which it acts.  
the internal moment causes compression in the top fibers of the segment such 
that it bends the segment so that it “holds water”. Loadings that are opposite to these 
are considered negative. 
 
Figure 1 – The sign conventions of Shear Forces Q 
The sign conventions for these loads are as follows: Distributed loads and 
concentrated loads are positive when they act downward on the beam and negative 
when they act upward.  
A couple acting as a load on a beam is positive when it is counterclockwise and 
negative when it is clockwise. If other sign conventions are used, changes may occur 
in the signs of the terms appearing in the equations derived in this section. 
 
Figure 2 – The sign conventions of Bending Moments M 
Diagrams of bending moments M draw on the side of the stretched fibers 
(positive values lay down the axis of diagrams, negative - up). 
Ordinates diagrams Q and M are put perpendicular to the baseline. 
The bending moments are zero on the hinges; the maximal and minimum values 
in the diagram of M correspond to the change of signs in the diagram of Q. 
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In constructing diagrams should be remembered that the abrupt Q diagrams 
occur where concentrated forces applied (including reaction), and the diagram M - 
concentrated in places of application of external moments. 
 
3 EXAMPLES OF CALCULATIONS 
 
Problem  1. Cantilever beam 
Output data: 
To draw a diagram of the internal forces and bending moments for the cantilever 
beam shown in Figure 3, and to determine the maximum values of the internal forces 
acting in the beam, if F = 50 kN, q = 40 kN/m, M = 60 kNm, distances a = 2 m, b = 1 




We can start to draw diagrams without determination reactions of support for 
cantilever beam. 
Equations of internal forces in an arbitrary cross-sections of the portions: 
Section 1-1 (segment 1) 0 ≤ ݔଵ ≤ 2,0	݉							 
Condition of equilibrium for left side of beam: 
∑ܨ௬ = 0;			ܳଵ = ܨ − ݍݔ  
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if ݔଵ = 0						ܳଵ = 50				kN, 
ݔଵ = 2	݉     ܳଵ = ܨ − ݍ ∙ 2 = 50 − 40 ∙ 2 = −	30		kN 





ݔଵ = 0									ܯଵ = 0				kNm, 
ݔଵ = 2	݉					ܯଵ = 	50 ∙ 2 − 40
ଶమ
ଶ
= 20 kNm. 






Q F qx x
dx q




( 1,25) 1,25 50 1,25 40 62,5 31,25 31,25
2 2e
M x F q           kNm. 
Section II-II (segment 2) 0 ≤ ݔଶ ≤ 1,0	݉							 
			ܳଶ = ܨ − ݍ ∙ 2 = −30 kN 








ݔଶ = 1	݉					ܯଶ = 	50 ∙ 3 − 40 ∙ 2 ቀ
ଶ
ଶ
+ 1ቁ = 150 − 160 = −10 kNm. 
Section III-III (segment 3) 0 ≤ ݔଷ ≤ 3,0	݉ 
			ܳଷ = ܨ − ݍ ∙ 2 = −30 kN 
							ܯଷ = ܨ ∙ (ܽ + ܾ + ݔଷ) − ݍ ∙ ܽ ቀ
ܽ
2
+ ܾ + ݔଷቁ − ܯ 
ݔଷ = 0								ܯଷ = 	50 ∙ 3 − 40 ∙ 2 ቀ
ଶ
ଶ
+ 1ቁ − 60 = 150 − 160 − 60 = −70	kNm, 
ݔଷ = 1	݉					ܯଷ = 	50 ∙ 6 − 40 ∙ 2 ቀ
ଶ
ଶ
+ 1 + 3ቁ − 60 = 300 − 400 − 60 = −160  
The cross-section of the beam is designated by the maximum value of the 
bending moment, which is equal to 160 kN m. 
Steel beam of I-beam shape. Considering [σ] = 160 MPa. Determine 
 
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    cm3 




Problem  2. Simple beam. 
Output data: 
For the simple beam shown in Figure 4: to determine constrained reactions and 





1. We write equations of equilibrium for determination reactions of constrain: 
෍ܨ௫ = 0		 ⇒ 	ܪ஺ = 0 
∑ܯ஺ = 0; 		ܨ ∙ 3,0 − ݍ ∙ 5,0 ∙ 2,5 − ܯ +	ܴ஻ ∙ 5,0 = 0, 
 









= 44 Kn, 
it is necessary to change reactions direction to the opposite if they get the negative 
sign and then to consider it as positive. 
Checking: 
෍ܨ௬ = −ܨ + ܴ஺ − ݍ ∙ 0,5 + ܴ஻ = −20 + 76 − 20 ∙ 0,5 + 44 = 0 
e. i., the constrained reactions are determine correctly. 
2. To determine the internal force factors Q and M we divide the beam into three 
sections and consider the sections 1-1, 2-2, 3-3. Reject the right side of the beam for 
sections 1-1 and 2-2 (left - for section 3-3) and consider the equilibrium of the left 
(right) part of these beams. 
Section 1-1 (segment 1) 0 ≤ ݔଵ ≤ 3,0	݉							 
Condition of equilibrium for left side of beam: 
∑ܨ௬ = 0;			ܳଵ = −ܨ = −20 kN.  
From this solution, we can conclude that the shear force in this segment is 
constant, so its graphic line will be a straight line parallel to the z-axis.  
Bending moment in the first section equals the sum moment of left forces about 
to section 1-1: 
ܯଵ = −ܨ ∙ ݔଵ 
if ݔଵ = 0									ܯଵ = 0,				 
ݔଵ = 3	݉					ܯଵ = −20 ∙ 3,0 = −60 kNm. 
From the given equality, it follows that the moments change according to the 
linear law. 
Section 2-2 (segment 2) 3,0 ≤ ݔଶ ≤ 8,0	݉							 
Shear forces Q are described equation in this segment 
			ܳଶ = −ܨ + ܴ஺ − ݍ(ݔଶ − 3,0) 
and varies according to the linear law: 
if x2=3,0 m   ܳଶ = −ܨ + ܴ஺ = −20 + 76 = 56	 kN, 
   x2=8,0 m  ܳଶ = −ܨ + ܴ஺ − ݍ ∙ 5,0 = −20 + 76 − 20 ∙ 5,0 = −44  kN. 
Bending moment M about section 2-2 determine by 







and varies according to the square parabola law: 
if x2=3,0 m      kNm, 
x2=8,0 m   kNm. 
Maximum bending moment M is in the section, in which shear force Q2 = 0:	
  
We receive x2=5,8 m. 
The maximum bending moment M is in the section at a distance of 5.8 m from 
the left end of the beam and  
 
  kNm. 
Section 3-3 (segment 3)  
.  
 kNm. 
The bending moment on this section is constant and has a negative sign (causing 
the stretching of the upper fibers of the beam). 
Based on the got values of Q and M on the boundaries of the sections, we draw 
the diagrams.  
 
Figure 4 – Diagrams Q and M for beam Problem 2 
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3. The cross-section of the beam is designated by the maximum modulus value 
of the bending moment, which is equal to 60 kN m. 







= 375  cm3. 
According to Assortment ДСТУ 8239-89 take I-27a (Appendices 2) Wz=407 cm3. 








= 6 ∙ 10ଷ cm3. 
Section modulus of rectangular section 
ℎ
2




















 ,    h = 41,6 cm. 
Wooden beam of circular section. Considering [σ] = 10 MPa. 




,    so 
గௗయ
ଷଶ








= 39,4 cm. 
 
Problem  3. Frame. 
Output data: 
For the frame shown in Figure 5 to determine constrained reactions and to draw 
a diagram Q and M, and longitudinal forces N. 
Solution: We determine the support reactions using the equations static 
equilibrium: 
෍ܨ௫ = 0		 ⇒ 	ݍ ∙ 2,0 − ܨ − ܪ஻ = 0. 
ܪ஻ = 20 ∙ 2,0 − 10 = 30 kN 








= 50 kN 








= 50 kN. 
The obtained value of support reactions are positive sign, i. e. their directions 
coincide with accepted. 
Checking: 
∑ܨ௬ = −ܴ஺ + ܴ஻ = −50 + 50 = 0. 
2. To determine Q, N and M, we use the section method. We cut the frame 
into four sections and consider the sections 1-1, 2-2, 3-3, 4-4. If one part of the frame 
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is discarded in each of the sections, the balance of the remaining part provided by the 
corresponding shear and longitudinal forces, bending moments. 
For all sections, the shear force Q is determined from the equation of 
equilibrium forces projections on the axis, perpendicular to the corresponding bars 
and crossbars, longitudinal force N - from the equation of forces projections on the 
axis, parallel to the corresponding bars and crossbars; the bending moment M - from 
the equation of the sum of moments all forces acting on the left part, about the center 
of gravity of the sections. 
Section 1-1 (segment 1)  












Figure 5 – Diagrams Q, M and N, considered for Problem 3 
In this segment, shear force Q changes according to proportional ratio, 
longitudinal force N has a constant value and stretched the rod. Bending moment M 
changes by the square parabola law: 
if  1z 0  1Q 0;  1 AN R 50   kN;   1M 0;  










       kN m. 
Section 2-2 (segment 2) 0 < 2z  < 3,0 m.  
2 AQ R  ; 2N q 2,0   ; 2 A 2M R z q 2,0 1,0 M .        
In this segment, shear force Q has a constant value; longitudinal force N has a 
constant value too. Bending moment M changes by linear law:  
if 2z 0  2 AQ R 50     kN; 2N q 2,0 20 2,0 40        kN; 
  2M q 2,0 1,0 M 20 2,0 1,0 50 10            kN m; 
2z 3,0 м 2 AQ R 50     kN; 2N q 2,0 20 2,0 40        kN; 
  2 A
M R 3,0 q 2,0 1,0 M 50 3,0 20 2,0 1,0 50
      140 kN m.
              
  
 
Section 3-3 (segment 3) 30 z 2,0   m. 
3 BQ H ; 3 BN R  ; 3 B 3M H z   . 
Shear and longitudinal forces have a constant value in this segment; bending 
moment M changes by linear law: 
if  3z 0  3 BQ H 30   kN; 3 BN R 50     kN; 3M 0 ; 
3z 2,0  m 3 BQ H 30   kN; 3 BN R 50     kN;  
  3 BM H 2,0 30 2,0 60         kN m. 
Section  4-4 (segment 4) 2,0 m < 4z  < 4,0 m.  
4 BQ H F  ; 4 BN R  ;  4 B 4 4M H z F z 2 .       
Shear and longitudinal forces have a constant value in this segment; bending 
moment M changes by linear law:  
if  4z 2,0  m      4 BQ H F 30 10 40      kN;     4 BN R 50     kN; 
  4 BM H 2,0 30 2,0 60         kN m; 
4z 4,0  m 4 BQ H F 30 10 40      kN; 4 BN R 50     kN; 
  4 BM H 4,0 F 2,0 30 4,0 10 2,0 140             kN m; 
We draw the diagrams Q , N  and M based on the results of the calculations, 
taking into account the signs of the get values. The positive direction of the ordinate 
axis is chosen upward (i. e., outside the contour of the frame), when drawing 
diagrams Q , N ; when constructing a M-diagram – downward, because this diagram 
is based on stretched fibers.  
3. As can be seen from the example, the calculation of the frame is associated 
with large computations, which can lead to false results. Therefore, the values found 
and M should be checked using equations that were not used above. 
The verification of the correctness of the values found, and M, is carried out 
under the condition of equilibrium of all joints of the frame. To do this, we need to 
cut the joint C and D, and apply the forces in the sections of the joints, Q, N and M 
with the directions corresponding to the sign convention (Fig. 6, b).  
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Joint C. The difference of this joint is the presence in it of an external moment 
M = 50 kN m. Applied it to the joint and writing three conditions of equilibrium (Fig. 
6, a). 
 





M M M M 40 10 50 0;
z Q N 40 40 0;




      
    
      
 
All equations satisfy the equilibrium conditions, i. e., the joint is in 
equilibrium. 




M M M 140 140 0;
z N Q 40 40 0;




    
    
      
 
The joint D  is also in equilibrium.  
We can conclude that the efforts Q , N  and M are get correctly.  
 
CRITERIA FOR THE EVALUATION OF CALCULATION WORK 
According to the Calculation and Graphic Work (CGW) a student gets 
maximum mark, if completed within the time limit (3 weeks from the moment of 
giving a problem), using computer technology, is executed carefully, contains an 
analysis of the given results. 
In the case of executing CGW without the use of a computer or a delay for 2 
weeks (using a computer) student gets 90% from the maximum mark. When 
executing CGW with a delay of more than for 2 weeks, the student gets 80% of the 
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OUTPUT DATA AND PROBLEM TO WORK 
PROBLEM 1 
DRAW the DIAGRAMS SEAR FORCES and BENDING MOMENTS 
for CANTILEVER BEAM 
For a given steel beam: 
1) to draw diagrams of shear forces Q and bending moments M; 
2) choose its cross-section, if [σ] = 160 MPa. 
 
 
Methodical instructions for Problem 1 and the procedure for performance: 
1. According to the code, select the beam scheme in Figure 7 and the output 
data to it from table 1. 
2. Draw the calculation scheme of the beam at a certain scale; indicate all the 
dimensions and loads applied on it. 
3. To draw a diagram of shear forces Q and bending moments M. Diagrams of 
cantilever beams can be draw without preliminary determination of constrain 
reactions.  
4. The choice of cross-section of a I-beam is carried out of the strength 








 is section modulus.
 
5. At large bending moments there are cases when it is impossible to choose a 
standard of Rolled Shapes, because the required section modulus is greater than that 
in the State Standard (from Assortment ). It is necessary to accept a beam from two 
standard shapes put together, and the shape number to be determined from the 























































































































Figure 7 – Schemes to Problem 1 
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Table 1 – Output Data for Problem 1 
№  a , m b, m c , m F , кN М, kN∙m q, кN/m 
1 2,5 3,0 1,0 10 40 10 
2 3,0 2,0 1,5 30 20 20 
3 2,0 2,5 1,0 20 30 10 
4 1,0 3,0 0,5 15 50 5 
5 0,5 2,0 1,5 15 40 15 
6 3,0 3,0 0,5 25 30 15 
7 2,5 2,5 1,0 10 20 10 
8 1,5 3,0 0,5 20 10 20 
9 1,0 2,5 1,0 20 40 10 
10 2,0 2,0 1,5 20 20 10 
11 3,0 3,0 1,0 10 30 10 
12 2,0 2,0 0,5 10 50 20 
13 2,5 2,5 1,5 10 40 10 
14 3,0 3,0 1,0 10 30 5 
15 3,0 2,0 0,5 20 40 15 
16 2,0 3,0 1,5 15 20 10 
17 2,5 2,5 1,0 15 30 20 
18 3,0 3,0 0,5 10 50 10 
19 2,0 2,5 1,5 10 40 5 
20 3,0 2,0 1,5 10 20 15 
21 2,5 3,0 1,0 20 30 15 
22 3,0 2,0 0,5 15 50 20 
23 2,5 2,5 1,5 15 40 10 







DRAW the DIAGRAMS SEAR FORCES and BENDING MOMENTS 
for SIMPLE BEAM 
For a given steel beam: 
1) to draw diagrams of shear forces Q and bending moments M; 
2) choose its cross-section, if [σ] = 160 MPa. 
 
Methodical instructions for Problem 2 and the procedure for performance: 
1. According to the code, select the beam scheme in Figure 8 and the output 
data to it from table 2. 
2. Draw the calculation scheme of the beam at a certain scale, indicate all the 
dimensions and loads applied on it. 
3. Using static equations, determine the vertical reaction of the supports. If, in a 
result of the calculation, the reaction appears with a negative sign, then the direction 
of this reaction should be changed to the opposite. To control the correctness of the 
reaction definition, make an equation of equilibrium that was not used in determining 
the reactions. 
4. To draw diagrams of shear forces Q and bending moments M. Set the limits 
of loading application, taking into account the location of the forces factors. For each 
section, write the equation Qi = f(zi) and Mi = f(zi) by means of which determine the 
values of shear forces and bending moments on limits of segment. To determine the 





Diagrams Q and M drawn under the calculation scheme of the beam, indicate to 
numerical values of ordinates at the limits of the segments. 
































































































































































Table 2 – Output data for problem 2 
№ var a , m b, m c , m  , m F, kN М, kN∙m q , kN/m 
1 2,5 3,0 1,0 8 30 25 20 
2 3,0 2,0 1,5 9 10 10 30 
3 2,0 2,5 1,0 6 30 40 5 
4 1,0 3,0 0,5 5 20 30 15 
5 0,5 2,0 1,5 9 30 20 20 
6 3,0 3,0 0,5 0 10 10 30 
7 2,5 2,5 1,0 8 30 30 5 
8 1,5 3,0 0,5 7 20 10 15 
9 1,0 2,5 1,0 9 15 40 25 
10 2,0 2,0 1,5 6 30 20 10 
11 3,0 3,0 1,0 7 10 30 10 
12 2,0 2,0 0,5 8 30 25 20 
13 2,5 2,5 1,5 8 20 10 30 
14 3,0 3,0 1,0 9 15 40 5 
15 3,0 2,0 0,5 6 20 30 15 
16 2,0 3,0 1,5 5 15 20 10 
17 2,5 2,5 1,0 9 35 10 20 
18 3,0 3,0 0,5 10 40 30 20 
19 2,0 2,5 1,5 8 10 40 30 
20 3,0 2,0 1,5 7 30 20 5 
21 2,5 3,0 1,0 9 20 30 15 
22 3,0 2,0 0,5 6 15 50 25 
23 2,5 2,5 1,5 7 35 40 10 






DRAW the DIAGRAMS SEAR FORCES and BENDING MOMENTS 
and LONGITUDINAL FORCES for FRAME 
For a given steel frame: 
1) to determine reaction of supports; 
2) to draw diagrams of bending moments M, shear Q and longitudinal forces N. 
Methodical instructions for Problem 3 and the procedure for performance: 
1. According to the code, select the beam scheme in Figure 9 and the output 
data from table 3. 
2. Draw the calculation scheme of the frame. 
3. Using static equations, determine the vertical reaction and horizontal of the 
supports. To control the correctness of the reaction definition, make an equation of 
equilibrium that was not used in determining the reactions. 
4. To draw diagrams of bending moments M, shear Q and longitudinal forces N. 
Using the cross-sectional method, divide the frame into sections, set the limits 
for loading them. For each segment, write the equation Mi = f (zi), Qi = f (zi), Ni = 
f(zi), which allow to determine the values of M, Q and N on the limits of sections. 
Diagrams M, Q and N drawn on a geometric axes of the frame. Considered the 
viewer is inside of the contour of the frame. 
On the diagram M, as a rule, do not put signs, and ordinates of bending moments 
put necessarily on the side of stretched fibers. Diagrams Q and N denote signs 
according to the rules. 
5. A rule for a longitudinal force N: the longitudinal force is considered positive 
when the rod is stretched and negative - in compression. 
6. Check the correctness of the drawing of diagrams M, Q and N based on the 


















Table 3 – Output data for Problem 3 
№  a , m b, m c , m d, m F, kN m, kN∙m q , kN/m 
1 2,0 2,5 0,5 1,0 30 25 20 
2 1,0 3,0 1,0 1,0 10 10 30 
3 0,5 2,0 0,5 1,5 30 40 5 
4 3,0 3,0 1,0 1,0 20 30 15 
5 2,5 2,5 1,5 1,0 30 20 20 
6 1,5 3,0 0,5 1,5 10 10 30 
7 1,0 2,5 1,0 1,0 30 30 5 
8 2,0 3,0 0,5 0,5 20 10 15 
9 1,0 2,5 1,0 1,5 15 40 25 
10 2,0 2,0 1,5 0,5 30 20 10 
11 3,0 3,0 1,0 1,5 10 30 10 
12 2,0 2,5 0,5 1,0 30 25 20 
13 2,5 3,0 1,5 0,5 20 10 30 
14 2,0 2,0 1,0 1,5 15 40 5 
15 1,0 3,0 0,5 0,5 20 30 15 
16 0,5 2,5 0,5 1,5 15 20 10 
17 3,0 2,5 1,0 1,0 35 10 20 
18 2,5 3,0 0,5 0,5 40 30 20 
19 1,5 2,5 1,0 1,5 10 40 30 
20 1,0 2,0 1,5 1,0 30 20 5 
21 2,0 3,0 1,0 0,5 20 30 15 
22 3,0 2,0 0,5 1,5 15 50 25 
23 2,5 2,5 1,5 1,0 35 40 10 





























для практичних занять, самостійної  
та розрахунково-графічних робіт 
з навчальної дисципліни 
 
 
« ОПІР МАТЕРІАЛІВ » 
(РОЗРАХУНОК НА ЗГИН. 
ПОБУДОВА ДІАГРАМ) 
 
 (для студентів-бакалаврів 2 курсу денної форми навчання  
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